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 In this paper, we proposed an optimized tuning of PID controller suitable for nonlinear 
systems. The proposed system employs a relay circuit in series with a PID controller. 

The relay circuit ensures a high gain to yield a robust performance. In this proposed 

system naturally occurring signal are used for tuning and re-tuning the PID controller. 
No other explicit input signal is required for further processing. The PID controller is 

tuned for a particular operating point, the relay may be disabled and the tuning runs 

automatically. However, the response varied when there is a change in set point to 
another operating point. This approach is also applicable to time-varying systems as the 

PID tuning can be continuous. Analysis of the PID tuning is provided based on the 

stability properties of the control scheme. The nonlinear process selected here is 4-tank 
spherical system. Controls of liquid level in spherical tanks are nonlinear due to the 

variation in the area of cross section with change in shape.The PID controller is tuned 

using auto tuning and Internal Model Control(IMC) then the results are analyzed using 
particle swarm optimization(PSO). 
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INTRODUCTION 

 

 The most simple and universal control algorithm used in the feedback control is the Proportional Integral 

and Derivative (PID) control algorithm. PID control is a commonly used control scheme to control most of the 

industrial automation processes due to its notable efficiency, simplicity of execution and extensive applicability. 

In this principle, the action of the controller is designed by multiplying a constant factor with the error value, the 

integral of the error value and the derivative of the error value. Ziegler- Nichols has developed a familiar design 

method to afford a closed-loop response with a quarter-decay ratio. Most of the real time process in various 

chemical industries, wastewater treatment process, drugs manufacturing, paramedical industries, etc. faces many 

challenging problems due to their non-linear dynamic behavior. It also need to overcome uncertainty and the 

time varying parameters, constraints on the manipulated variable, interaction between the manipulated and 

controlled variables, unmeasured and the frequent disturbances, dead time on input and the measurements. 

Spherical tanks are widely used in various industries. In a spherical tank system the control of a level is an 

important task due to the change in shape increases the non-linearity (Abhishek et al., 2012). 

 

Mathematical Modeling of a Four Spherical Tank System: 

For one Spherical tank: 

Volume  𝑉 =
πh2(3R−h)

3
 

Where, h = Height of Liquid in Tank 

               R = Radius of the Tank 

From the mass balance equation: 

  Qi =Q0 +  
𝑑𝑣

𝑑𝑡
 

Or, Qi -Q0 = 
 𝑑𝑣

  𝑑𝑡
 

Where Qi  = Input Flow Rate 

Q0  = Output Flow Rate = ch
0.5

 

  Hence, 
𝑑𝑣

𝑑𝑡
  = π(2Rh-h

2
)
𝑑ℎ

𝑑𝑡
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 π (2Rh-h
2
)
𝑑ℎ

𝑑𝑡
 = Qi – ch

0.5
 

 

 
𝑑ℎ

𝑑𝑡
 = 

−ch ^0.5

 π(2Rh−h2) 
+  

Q𝒾

 π(2Rh−h2) 
 

 

 
𝑑ℎ

𝑑𝑡
=  f( h, Qi ) 

We know that from Taylor‟s Series: 
𝑑ℎ

𝑑𝑡
=  f(hs, Qs)  +  

𝜕𝑓

𝜕ℎ
|(Hs,Qs)  (h- hs)  +  

𝜕𝑓

𝜕𝑄
|(Hs,Qs)  (Q – Qs)  +  

𝜕2𝑓

𝜕h2 |(Hs,Qs)(h-hs)
2
/2! + ……… 

Now we have: 

 f( h, Qi ) = 
−ch ^0.5

 π(2Rh−h2) 
+  

Q𝒾

 π(2Rh−h2) 
 

hence, 

𝜕𝑓

𝜕ℎ
 =   

−𝑐

2∗ℎ^0.5
  π 2Rh−h2   + c∗h^0.5 { π(2R−2h)} 

(π(2Rh−h2) )2   +  
π(2R−2h) Qi 

(π(2Rh−h2) )2 

𝜕𝑓

  𝜕𝑄
   =  

1

 π(2Rh−h2)
 

Hence, 
𝜕𝑓

𝜕ℎ
|(hs,Qs)    = 

 [−c̄(2Rh−hs2)  + 2c̄(2R−2h)−  Qs (2R − 2hs )] 

(2Rh s−hs2)2  

 
𝜕𝑓

  𝜕𝑄
|(hs,Qs ) = 

1

 π(2Rh s−hs2)
 

 

Where  c̄ =
𝑐

2∗hs^0.5
 

 

And c = coefficient of discharge = 0.6 

Putting the above values in Taylor‟s series we get 

 

 
𝑑ℎ

𝑑𝑡
  =  

−ch ^0.5

 π(2Rh−h2) 
+  

Q𝒾

 π(2Rh−h2) 
- (h- hs) 

𝜕𝑓

𝜕ℎ
 |(hs,Qs)    + (Qi – Qs) 

𝜕𝑓

  𝜕𝑄
 |(hs,Qs )  

 

But at steady state, 

 
−ch ^0.5

 π(2Rh−h2) 
 = 0 

 

And (Qi – Qs) 
𝜕𝑓

  𝜕𝑄
|(hs,Qs ) = 0 

 

So we form equation 1 as: 

 
𝑑(ℎ−hs)

𝑑𝑡
 = 

Q𝒾

 π(2Rh−h2) 
- 

 (h−hs  ) [−c̄(2Rh−hs2)  + 2c̄(2R−2h)−  Qs (2R − 2hs )] 

(2Rh s−hs2)2  -
   Qs (2R − 2hs )

π(2Rh s−hs2)2  

 

 
𝑑ℎ

𝑑𝑡
  = -h A + BQi 

Where A and B represent the constant terms in equation 1; 

Taking Laplace transform; 

 

s H(s) =  -A H(s) + B Q(s) 

 

Or,  
𝐻(𝑆)

𝑄(𝑆)
   = 

𝐵

𝑆+𝐴
 

 

Since Radius = 0.20m. 

Putting  hs= 0.11m. 

We get, 
𝐻(𝑆)

𝑄(𝑆)
=

9.975

(𝐬 + 9.0228 )
 

 

Since we have Q0 = ch
0.5

 

Hence, 
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Q0(𝑆)

Q (𝑆)
=

9.0228

(𝐬 + 9.0228 )
 

 

For hs= 0.22m. 
𝐻(𝑆)

𝑄(𝑆)
   =  

8.169

(𝐬 + 5.225)
 

Hence, 
Q0(𝑆)

Q (𝑆)
=

5.225

(𝐬 + 5.225)
 

For hs= 0.33m. 
𝐻(𝑆)

𝑄(𝑆)
  = 

1.379

(𝐬 + 0.72)
 

Hence, 
Q0(𝑆)

Q (𝑆)
= 

0.72

 (𝐬 + 0.72)
 

Hence We have, 
H4(𝑆)

Q𝒾(𝑆)
=

𝑄1(𝑠)

Qi s 
∗

Q2 s 

Q1 s 
∗

Q3 s 

Q2 s 
∗

H4(𝑠)

Q3 s 
 

Hence substituting the value for hs= 0.11m: 
H4(𝑆)

Q𝒾(𝑆)
  =  

7.327∗ 10^3

s4+ 36.085s3+ 488.16s2+ 2935s+6620 .9
 

For hs= 0.22m: 
H4(𝑆)

Q𝒾(𝑆)
  =  

1.1652∗ 10^4

s4+ 20.9s3+ 103.8s2+ 570.58s+745.3
 

For hs= 0.33m: 
H4(𝑆)

Q𝒾(𝑆)
  =  

0.5147

s4+ 2.88s3+ 3.11s2+ 1.4929s+0.268
 

 

Process Diagram: 

 

 
 

Fig. 1: Process Diagram. 

 

Tuning Methods: 

A. Auto tuning of PID controllers: 

 Automatic tuning of PID controller uses relay oscillation tuning method to find the process parameters like 

ultimate gain and ultimate period. Ziegler-Nichols tuning rules are commonly used to determine the PID loop 

parameters. The proposed relay tuning method provides an improved technique to identify a first-order plus 

dead time model for self-regulating processes. The ultimate period, along with the ultimate gain, can be used to 
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calculate the P, I, D parameters. Even though, there are some noticeable negatives to this procedure: getting the 

loop to cycle continuously is a time-consuming process and there is a risk that the oscillations will grow beyond 

stability. The main drawback of this procedure is there is no approach to specify the magnitude of oscillations. 

This auto tuning method became considerably more striking after introducing a relay based auto-tuning. The 

auto tuning method detects the ultimate gain and ultimate period, so that the controller settings may possibly 

determine from these parameters.  Relay feedback is an on-demand automatic tuning method. Auto-tuning can 

be classified as tuning on-demand or continuous adaptive tuning. Where on-demand tuning need to be initiated 

in a manual way. Continuous adaptive tuning is accomplished automatically by following the set point changes, 

substantial instabilities, or from low level injected excitation signals.  Maximum of the PID controller loops 

needs only the tuning on demand upon authorizing or perhaps setting up of tuning parameters to deal with 

process nonlinearities. 

 

Relay

Tuning Rules

Gc(s)

Controller

Process


SP PV

Gp(s)

 
 

Fig. 2: Relay Based Auto tuning. 

 

 During the tuning process the controller is replaced by the relay circuit. The process input is altered with an 

initial step change when the loop is at steady state. The amplitude of the step change is used to control the 

amplitude of oscillations in the process output. The capacity to control the amplitude of process oscillation is an 

important advantage over the closed loop technique to recognize the ultimate gain and ultimate period. After 

giving the initial step change in the relay output, the process output begins to change with an interval of dead 

time. Next the first relay step, the loop is open until the process output moves by a predefined amount.  At this 

point the relay is stepped in the opposite direction. The process output begins to move in the opposite direction 

after a dead time interval. The control loop comes under two-state control action. Every time the process output 

crosses the set point value or initial value, the relay is switched; this process continues for one or more periods. 

When active tuning is completed, the control of the loop is returned to the controller with its original mode, set 

point, and the output restored. The relay action causes the loop to oscillate at its original ultimate period, Tu. The 

ultimate gain, Ku is the ratio between relay amplitude to the amplitude of process oscillations. 

 

K
d

a
u 

4


             

 
 Hysteresis due to relay circuit is used during initialization process and also used to prevent the relay 

switching due to noise. Using hysteresis the relay switching after the process output crosses the set point is very 

effective for noise protection and also controls the accuracy of the ultimate period and ultimate gain 

identifications. The desired method for noise protection is to disable relay switching for a short time following a 

change in the relay output. Disabling relay switching for 50% of the process dead time has proven to be an 

effective method of noise protection without undesirably affecting the ultimate gain and the ultimate period 

identification(Aidan o‟Dwyer). 

 

B. Internal model control: 

              Internal model control is model based controller structure that provides a suitable framework for 

satisfying our objectives. The IMC structure which makes use of a process model to infer the effect of 

immeasurable disturbance on the process output and then counteracts that effect. The controller consists of an 

inverse of the process mode. IMC design procedure depends exclusively on two factors: the complexity of the 

model and the performance requirements. The proposed procedure provides valuable insight regarding 

controller tuning effects on both performance and robustness. 

 The IMC based PID controller algorithm is robust and simple to handle the uncertainty in model. This 

method seems to be a useful trade-off for the performance of the closed loop system. It achieves robustness to 

model inaccuracies with a single tuning parameter. The IMC design procedure can be used to solve quite a few 
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critical problems especially at the industrial level (using the concept of designing a model of the actual plant 

process). It also gives good solutions to processes having a significant time delay which actually happens when 

working in a real time environment. For tuning the controller the filter tuning parameter λ value is varied. 

According to that various effects of discrepancies enter in the system thus, best performance is achieved. Hence, 

a good filter structure is one for which the optimum λ value gives the best PID performance.  

t1     t2

 
 

Fig. 3: Relay Output & Process Output. 

 
Fig. 4: Internal Model Controller. 

 

C. Particle swarm optimization:           

 Particle swarm optimization is as an alternative technique to design the controller for a single-input single 

output system. This evolutionary scheme is applied to design the PID controller within the process control 

industry. The particle swarm optimization algorithm is used to the design both linear and non-linear PID 

controllers. Eberhart and Kennedy proposed the Particle Swarm Optimization (PSO) algorithm; a new, simple 

evolutionary algorithm, which differs from other evolution techniques. It is a motivated evolutionary 

computation technique in which it is motivated from the simulation of birds‟ social behavior.        

 In PSO, the „swarm‟ is initialized with a population of random solutions. Each particle in the swarm is a 

different possible set of the unknown parameters to be optimized. Representing a point in the search space, each 

particle adjusts to fly toward a potential area according to its own flying experience and shares social 

information among particles. The goal is to efficiently search the search space by swarming the particles toward 

the best fitting solution encountered in previous iterations with the intent of encountering better solutions 

through the course of the process and eventually converging on a single minimum error solution. PSO begins 

with a swarm of particles as the initial population. Each particle has a position and a velocity. The position of 

the particle encodes the solution of the problem. The velocity of the particle represents the value added to the 

position of the particle to find its position in the next generation. The algorithm updates the position and velocity 

of all particles in each generation, until the algorithm finds an optimum. The velocity of all particles is initially 

zero and is updated according to the best local position (best fitness) the particle has come across in its lifetime 

(all generations so far) and the best position any particle in the whole swarm has ever come across(Saeedet al., 

2010). 

 

PSO Flow Chart: 
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Fig. 5: Flow Chart. 

 

Algorithm for PSO: 

 The PSO algorithm consists of three steps, which are repeated until some stopping condition is met: 

 Evaluate the fitness of each particle 

 Update individual and global best fitness and positions 

 Update velocity and position of each particle 

 Each particle keeps track of its coordinates in the solution space which are associated with the best solution 

(fitness) that has achieved so far by that particle. This value is called personal best, Pbest. Another best value 

that is tracked by the PSO is the best value obtained so far by any particle in the neighborhood of that particle. 

This value is called Gbest. The basic concept of PSO lies in accelerating each particle toward its Pbest and the 

Gbest locations, with a random weighted acceleration at each time step. 

 The i
th

 particle in the swarm is represented as Xi = ( xi1 , xi2, xi3,..................xid) in the search space. The 

best previous positions of the i
th

 particle is represented as: Pbest = (Pbesti,1 ,Pbesti,2 ,Pbesti,3..........Pbesti,d). 

The index of the best particle among the group is Gbestd. Velocity of the ith particle is represented as               

Vi = (Vi,1 Vi,2 Vi,3.......... Vi,d). The updated velocity and the distance from Pbestid to Gbesti,d is given as ; 

Vi,m
t+1

 = W*Vi,m
t
 +C1*rand()*(Pbesti,m – Xi,m

t
) + C2*rand()*(Gbestm – Xi,m

t
) 

Xi,m
 (t+1) 

= Xi,m
(t) 

+Vi,m
(t+1)

 

 

For i=1,2,3.......n. 

m = 1,2,3.....d. 

where, 

n:- Number of particles in the group. 

d:- dimension index. 

t:- Pointer of iteration. 

Vi,m
(t)

 :- Velocity of particle at iteration i. 

W:- Inertia weight factor. 
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C1 , C2 :- Acceleration Constant. 

rand() :- Random number between 0 and 1. 

Xi,d
(t)

 :- Current position of the particle „i‟ at iteration. 

Pbesti :- Best previous position of the ith particle. 

Gbest:- Best particle among all the particle in the swarming population. 

 

Pseudo Code for PSO: 

For each particle 

     Initialize particle 

End 

              Do 

     For each particle 

         Calculate fitness value 

             If the fitness value is better than the best fitness value (Pbest) in history 

                Set current value as the new Pbest 

  End 

  Choose the particle with the best fitness value of all the particles as the Gbest 

        For each particle 

            Calculate particle velocity  

                 Update particle position  

   End 

 

Parameter Initialization: 

 To start up with PSO, certain parameters need to be defined. Selection of these parameters decides, to a great 

extent, the ability of global minimization. The maximum velocity affects the ability of escaping from local 

optimization. The size of the swarm balances the requirement of global optimization and computational cost. 

Initializing the values of the parameters is as per the table. 

 
Table 1: Parameter Initialization. 

Population size 100 

Number of iterations 100 

Velocity constant,c1 1.5 

Velocity constant,c2 1.5 

Inertia weight factor, W 0.5 

 

Fitness function: 

 Fitness function is used to evaluate the controller performance and the equation for control quality is given 

by: 

 
 J1 can track the error quickly, but easily give rise to oscillation. J2 is used to obtain good response, but its 

selection performance is not good. For getting good dynamic performance and avoiding large control input, the 

following control quality criterion is used. 

 
The fitness function can be calculated using the following equation, 

 

 
RESULTS AND DISCUSSION 

 

               The controller is tuned based on the various tuning rules and the response curve is obtained. The 

controller gain values are tabulated as below and the optimized tuning values are plotted(Wayne-

Bequette,2003). 

 
Table 1: PID tuning values. 

Methods Kp Ki Kd 

IMC 1.955 0.231 2.082 

PSO 1.526 0.165 2.296 
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Fig. 6: Response CurveFig.7 Optimized Gain Values. 

 

 
 

Fig. 8: Servo & Regulatory Response. 

 

Performance Analysis: 

 The integral error is generally accepted as a good measure for system performance. It is useful to have 

criteria that put little weight on the initial error. These integrals are finite only if the steady- state error is zero. 

Unlike simple criteria that use only isolated characteristics of dynamic response, the criteria of the category are 

based on the entire response. The followings are some commonly used criteria based on the integral error for a 

step set point or disturbance response:  

ISE = 




0

)( dtte

 

IAE = 




0

)( dtte

 

ITAE = 




0

)( dttet

 

 

Where, e(t) = Ysp(t) – Y(t) is error of response from the desired set point. 
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Table 2: Error analysis. 

METHODS IAE ISE ITAE MSE 

IMC 0.0422 0.0358 0.0436 3.6170 

PSO 0.0305 0.0337 0.0119 3.4016 

 

Time Domain Specifications: 

 The time domain specifications for IMC & PSO are listed in the below table. 

 
Table 3: Time Domain Specifications. 

METHODS Delay Time Rise Time Settling Time 

IMC 1.3  Secs 2.6  Secs 20  Secs 

PSO 1.1  Secs 2.4  Secs 10  Secs 

 

Conclusion: 

 This paper proposes an auto tuning method, Internal Model Control design and Optimized tuning approach 

for a nonlinear Spherical tank process. The results of IMC is compared against the optimized tuning algorithm 

(i.e.) PSO. PSO provides the better results for the nonlinear process than the IMC. From the comparative 

response curve the PSO technique was proved satisfactory in terms of delay time, rise time & settling time when 

compared with IMC technique. The Error values are also reduced using PSO. From the response curve, it is 

observed that the PSO tracks the set point with smooth transition and reaches the steady state quicker than IMC 

method. From the obtained results, it is observed that the performance of PSO is better for the nonlinear 

spherical tank process. 
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